We study elliptic curves of the form x 3 +y 3 = 2p and x 3 +y 3 = 2p 2 where p is any odd prime satisfying p ≡ 2 mod 9 or p ≡ 5 mod 9. We first show that the 3-part of the Birch-Swinnerton-Dyer conjecture holds for these curves. Then we relate their 2-Selmer group to the 2-rank of the ideal class group of Q( 3 √ p) to obtain, for the first time, examples of elliptic curves with rank one and non-trivial 2-part of the Tate-Shafarevich group.
Introduction and the main results
Let n ≥ 3 be a cube free integer. The elliptic curve C n : x 3 + y 3 = n is the twist of C : x 3 + y 3 = 1 by the cubic field Q( 3 √ n), where 3 √ n denotes the real root. The study of the arithmetic of C n is very old. In particular, it is well known that C n has no non-zero rational torsion, and thus C n (Q) is infinite precisely when n is the sum of two rational cubes. Let p be any odd prime satisfying (1.1) p ≡ 2 mod 9 or p ≡ 5 mod 9.
P. Satgé used the theory of Heegner points to show that C 2p has rank 1 when p ≡ 2 mod 9, and C 2p 2 has rank 1 when p ≡ 5 mod 9. More recently, it was shown in [2] that, for all odd primes p satisfying (1.1) the 3-part of the Birch-Swinnerton-Dyer conjecture holds for the product of the two curves C 2p × C 2p 2 ; here, we remark that one of the curves in this product is of rank zero, while the other is of rank one. The first main result of this paper is the proof of the 3-part of the Birch-Swinnerton-Dyer conjecture for each of the individual curves C 2p and C 2p 2 for all odd primes p satisfying (1.1). More precisely, we establish the following results. Let L(C n , s) be the complex L-series of C n . Of course, the analytic continuation and functional equation of L(C n , s) are known by Deuring's theorem. Let A be the elliptic curve with classical Weierstrass equation
Then fixing an embedding of K = Q( √ −3) into C, and noting that A has complex multiplication by the ring of integers O K of K, the lattice L of complex periods of the differential dx/y on A is of the form ΩO K , with Ω = 3.059908..., a real number. For each integer n ≥ 3, we then define (1.2) Ω n = Ω/( √ 3n 1/3 ).
It is well known that the algebraic part L(Cn,1)
Ωn
of L(C n , s) at s = 1 is a rational number.
Theorem 1.1. Let p be an odd prime satisfying (1.1). Then (1) If p ≡ 5 mod 9, the L-values L(C 2p , 1) and L(C 2 2 p 2 , 1) are both non-zero, and the 3-part of the Birch-Swinnerton-Dyer conjecture holds for C 2p and C 2 2 p 2 . Moreover, we have the following congruence L(C 2p , 1) 3Ω 2p ≡ L(C 2 2 p 2 , 1) 3Ω 2 2 p 2 ≡ 1 mod 3.
(2) If p ≡ 2 mod 9, the L-values L(C 2p 2 , 1) and L(C 2 2 p , 1) are both non-zero, and the 3-part of the Birch-Swinnerton-Dyer conjecture holds for C 2p 2 and C 2 2 p . Moreover, we have the following congruence L(C 2 2 p , 1) 3Ω 2 2 p ≡ L(C 2p 2 , 1) 3Ω 2p 2 ≡ 1 mod 3. Theorem 1.3. Let p be an odd prime satisfying (1.1).
(1) If p ≡ 2 mod 9, we have rank 2 (Cl(L)) ≥ 2 if and only if X(C 2p ) [2] is non-trivial. In particular, in the case rank 2 (Cl(L)) ≥ 2, the curve C 2p has rank 1 and has non-trivial X(C 2p ) [2] . (2) If p ≡ 5 mod 9, we have rank 2 (Cl(L)) ≥ 2 if and only if X(C 2p 2 ) [2] is non-trivial. In particular, in the case rank 2 (Cl(L)) ≥ 2, the curve C 2p 2 has rank 1 and has non-trivial X(C 2p 2 ) [2] .
We remark that, although we cannot show at present that there are infinitely many primes p satisfying the condition rank 2 (Cl(L)) ≥ 2 in Theorem 1.3, there are many such p. Indeed, for p < 1000000, 1852/13099 of the primes p ≡ 2 mod 9 and 1629/13068 of the primes p ≡ 5 mod 9 satisfy the condition. Some notable numerical examples can be found in Appendix B. We note also that there are many examples of elliptic curves with rank 0 and non-trivial 2-part of the Tate-Shafarevitch group (see, for example, [13, 29] ). However, even in the more recent examples of families of elliptic curves with rank 1, they all have trivial 2-part of the Tate-Shafarevich group (see, for example, [7, 27] ). Theorem 1.3 thus serves as some evidence that there are many curves with rank 1 and non-trivial 2-part of the Tate-Shafarevich group.
In the remainder of this introduction, we explain the structure of this paper. In Section 2, we will show congruences similar to those in Theorem 1.1 for the curves C p and C p 2 . In Section 3, we will use an averaging method initially due to Zhao [29, 11, 15] , the results from Section 2 and congruences between the L-values of C 2p and C 2 2 p 2 (resp. C 2p 2 and C 2 2 p ) for p ≡ 5 mod 9 (resp. p ≡ 2 mod 9) to obtain Theorem 1.1. In Section 4, we will prove Theorem 1.3 by a 2-descent argument. In Appendix A one can find Tamagawa number and root number computations, and in Appendix B, we will give some numerical examples which satisfy the condition rank 2 (Cl(L)) ≥ 2 in Theorem 1.3.
Explicit Modulo 3 Birch-Swinnerton-Dyer Conjecture for C p and C p 2
We let p be an odd prime which is congruent to 2 or 5 modulo 9, and let C n be the elliptic curve defined in the introduction for cube free integers n ≥ 3.
Let us say from now on that the explicit modulo 3 Birch-Swinnerton-Dyer conjecture holds for C n if the algebraic part of its L-value at s = 1, when divided by the product of the Tamagawa factors, satisfies the modulo 3 congruence predicted by the Birch-Swinnerton-Dyer conjecture. When L(C n , 1) = 0, the explicit modulo 3 Birch-Swinnerton-Dyer conjecture is stronger than the 3-part of the Birch-Swinnerton-Dyer conjecture for C n , since the argument from Iwasawa theory due to Rubin [20] excludes both the 2-part and the 3-part of the Birch-Swinnerton-Dyer conjecture for C n . In particular, it is not difficult to check that the congruences in Theorem 1.1 gives the explicit modulo 3 Birch-Swinnerton-Dyer conjecture for C 2p and C 2 2 p 2 when p ≡ 5 mod 9 and for C 2 2 p and C 2p 2 when p ≡ 2 mod 9. Indeed, the factor 3 in the denominators of the congruences in Theorem 1.1 comes from the Tamagawa factor at the prime 3 (see Lemma A.1). Furthermore, by a 3-descent argument, we can show that the 3-part of the Tate-Shafarevich group of the elliptic curves in Theorem 1.1 is trivial (see Proposition 3.11) . It follows from [19] that these Tate-Shafarevich groups are finite, and thus by Cassels' theorem [3] , they have square orders. It follows that their orders are congruent to 1 modulo 3, as required.
In this section, we first prove L(C p , 1) = 0 and L(C p 2 , 1) = 0, then show that the 3-part of the Birch-Swinnerton-Dyer conjectures holds for these curves. Moreover, we will show the explicit modulo 3 Birch-Swinnerton-Dyer conjecture holds for C p and C p 2 . We remark that the non-vanishing of the L-values of these curves and the 3-part of the Birch-Swinnerton-Dyer conjecture was shown by Zhang in [30] using the idea and technique in [16, 17] . The main result of this section is the explicit modulo 3 Birch-Swinnerton-Dyer conjecture for the curves C p and C p 2 , which we prove by applying Zhao's induction argument and by establishing certain congruences between the L-values of C p and C p 2 . Now, we write D for p or p 2 . Then C D is an elliptic curve with complex multiplication by the ring of integers O K of K = Q( √ −3). We write ψ D for the Hecke character over K associated to C D . By an explicit description of ψ D (for example, see [24] ), we have
for every α ∈ O K which is prime to 3D and is congruent to 1 modulo 3. Here, (α) denotes the principal ideal in O K generated by α, and · · 3 denotes the cubic residue symbol (see [25] for the precise definition). We recall that A is the elliptic curve with classical Weierstrass equation
which has complex multiplication by O K . Recall also that we have fixed an embedding of K into C, and the lattice L associated to the differential dx/y on A is of the form ΩO K , with Ω = 3.059908..., a real number. We write ℘(u) for the Weierstrass ℘-function associated to the lattice L = ΩO K .
Let z and s be complex variables. Given any lattice L in the complex plane C, recall that the Kronecker-Eisenstein series is defined by
where the sum is taken over all w ∈ L except −z if z ∈ L. This series converges to define a holomorphic function in s on the half plane Re(s) > 3 2 , and it has analytic continuation to the whole complex s-plane. We define the non-holomorphic Eisenstein series by E * 1 (z, L) = H 1 (z, 1, L), and we recall that
It is shown in [25] that the Néron differential lattice of C D is Ω D O K . The following special value formula for L(C D , 1) was already known in [25] , but we give a different proof following the formulation in [6] .
Proposition 2.1. Let C D be as above.
Then
Proof. We know from [25] that the conductor of ψ D , as an integral ideal in K, divides (3p) and has the same prime ideal divisors as (3p). Let K(3p) be the ray class field over K modulo (3p). By [6, Theorem 59], we have
where Tr K(3p)/K denotes the trace map from K(3p) to K. We note that by [6, Corollary 58], we have
thus taking the trace map makes sense. We make a choice for a set of representatives of integral ideals in K whose Artin symbols give precisely the Galois group Gal(K(3p)/K). Note that
where µ 6 denotes the group of 6th roots of unity and the inverse of the second isomorphism is given by sending c ∈ (O K /pO K ) × to 3c − p. Here, we use the condition −p ≡ 1 mod 3 and identify µ 6 with (O K /3O K ) × . Therefore, the Artin symbols of (3c − p) in Gal(K(3p)/K) give a set of representatives of Gal(K(3p)/K) as c runs over all the elements of (O K /pO K ) × .
Thus from (2.3) and the explicit Galois action on E * 1 ΩD −3p , Ω D O K described in [6] , we obtain
where L = ΩO K . For the second equality, we use the homogeneity of Eisenstein series
Here, we use the cubic reciprocity law and the fact that 3 D 3 = 1 (since 3, D ∈ Q) in the second equality. It follows that
We write L = Zu + Zv with Im(v/u) > 0. We define the positive real number A(L) by
Furthermore, we write s 2 (L) = lim s>0,s→0 w∈L\{0}
Let ζ(z, L) be the Weierstrass zeta function attached to L. Then by [6, Theorem 55], we have
3 . Hence the additive formula of the Weierstrass zeta function gives
From [25] , we know that ℘(Ω/3) = 1, ℘ ′ (Ω/3) = − √ 3, and we also have ζ(Ω/2, L) = π/( √ 3Ω) (see [15, p. 391] ). Thus from all of the above, we obtain
Now, since p is an odd prime, we can choose a set C of representatives of (O K /pO K ) × such that c ∈ C implies −c ∈ C. Note that c∈C c p 3 = 0, and that ζ(z, L) and ℘ ′ (z) are odd functions. Noting also that −1 D 3 = 1, we obtain
as required.
The curve A can also be written in the form
Now, we will construct a model A of the curve A over a certain finite abelian extension of K so that A has good reduction at 3. The main theoretical reason is the following theorem. The proof of the following theorem can be found in [5, Theorem 2] Thus we can construct a model of A over the field
is a prime ideal of K lying above 7. Lemma 2.3. Let K be given as above. Then we have
Proof. Since A has good reduction at 7, its formal group at 7 is a Lubin-Tate formal group. Therefore, the degree of K over K is equal to 6, and Gal(K/K) is a cyclic Galois group. Since µ 6 is contained in K, by Kummer theory, we just need to find an element α in K such that 6 √ α generates K. One can do a direct calculation using the additive law and the complex multiplication on the curve
to get such an α, we leave the details to the reader. Now, we make the change of variables
Then we obtain a model
of A. Note that since ord 3 (u) = 1 4 , A has good reduction at 3. Here, ord 3 denotes the normalized additive valuation on Q 3 such that ord 3 (3) = 1.
Lemma 2.4. If Q is a point on A of order prime to 3, then either X(Q) = 0 or ord 3 (X(Q)) = 0.
Proof. The following proof is essentially an analogue of the same result in [16] . One can also find a proof in [30] , but we give it here for the convenience of the reader.
If X(Q) = 0, then x(Q) = r and a direct calculation shows that Q is a (2 − √ −3)-torsion point on A. Assume now that X(Q) = 0. Then Q is not in A (2− √ −3) . Denote byÃ the reduced curve of A modulo 3, so thatÃ : Y 3 = X 3 − X + 1.
Since A has good reduction at 3, every torsion point of order prime to 3 on A injects intoÃ, and if Q 1 = ±Q 2 on A, we have
If Q is a torsion point of order prime to 3 satisfying X(Q) = 0, Q cannot be equal to ±Q 1 . Hence by (2.6), we see that X(Q) = 0, and thus ord 3 (X(Q)) = 0.
From now on, we write (℘(z), ℘ ′ (z)) for a point on A : y 2 = 4x 3 − 1, (x, y) for a point on the model y 2 = x 3 − 16 of A, and (X, Y ) for a point the model A of A whose equation given in (2.5). The relation between the first two is given by
where ∆ is an integer prime to 3. If c ∈ O K is prime to ∆, then since x = u 2 X + r and ord 3 (u) = 1/4, Lemma 2.4 gives
Here, we denote by [c] the complex multiplication by c ∈ O K . Note that r is a 3-adic unit which is independent of the point [c]Q, and thus ℘ cΩ ∆ is a 3-adic unit. The following lemma will be repeatedly used in the remainder of this section and in Section 3.
Lemma 2.5. Let ∆ be an integer prime to 3. Then we have
Proof. Noting that x = u 2 X + r and ord 3 (u) = 1 4 , Lemma 2.4 gives the equality
By considering the third power of 3 
14 has 3-adic valuation equal to 1 3 . Therefore, defining u 1 = r−1 3 1 3 and noting that 4℘ cΩ ∆ = x([c]Q) and 4 −1 ∈ 1 + 3Z 3 , we obtain the first assertion.
For the second assertion, let ω = −1+ √ −3 2 be a primitive 3rd root of unity. Note that ord 3 (ω i − 1) = 1 2 for i = 1, 2, so that the first assersion gives
Here, A j (j = 0, 1, 2) are 3-adic integers. The second assertion now follows. Theorem 2.6 (Zhang [30] ). Let p ≡ 2, 5 mod 9 be an odd prime, and let D = p or p 2 . Then Proof. The following proof is contained in [30] , we give it here for the convenience of the reader. By Proposition 2.1, we have
Now, we define
where k = 0, 1, 2. We use the convention that k + 1, k + 2 are also in {0, 1, 2} via taking modulo 3 in the following argument. We define
Note that ω p 3
= ω or ω 2 according as p ≡ 2 mod 9 or p ≡ 5 mod 9, and that ω℘ cΩ p = ℘ ωcΩ p . Then ωB k = B k+1 if D = p and p ≡ 2 mod 9 or if D = p 2 and p ≡ 5 mod 9, B k+2 if D = p and p ≡ 5 mod 9 or if D = p 2 and p ≡ 2 mod 9.
We just give the details of the proof in the cases D = p with p ≡ 2 mod 9 and D = p 2 with p ≡ 5 mod 9. The other cases can be proven in the same way. In these cases, we have
Now, by (2.8) and Lemma 2.5, we have
Recalling that u 1 and r are independent of c, we obtain
which is a 3-adic unit, since #(B 0 ) = p 2 −1 3 is prime to 3 when p ≡ 2, 5 mod 9. Noting that
and D is prime to 3, we obtain ord 3 L(CD,1) ΩD = 0. The theorem follows since we know that the 3-part of X(C D ) is trivial by a 3-descent (see [30] ).
Recall that
for any d | p 2 . The algebraicity theorem in [25] shows that
Hence it follows from Zhang's Theorem 2.6 that L(CD,1) ΩD ∈ Z × 3 , and we can study these values modulo 3. Now, we can prove the explicit modulo 3 Birch-Swinnerton-Dyer conjecture for C D . We will use the following two inputs: one is a modulo 3 congruence between algebraic L-values of C p and C p 2 , and the other is Zhao's induction method. The latter will give us the precise modulo 3 residue class to which these algebraic L-values belong.
Lemma 2.7. Let p be an odd prime.
(1) If p ≡ 5 mod 9, then L(C p 2 , 1)
(2) If p ≡ 2 mod 9, then L(C p 2 , 1)
We remark that the factor 2 in the denominators of the above congruences comes from the Tamagawa factor of C D at 3.
Proof. We just give the details of the proof for (1), and (2) can be obtained similarly. By Proposition 2.1 and the definition of Ω d , we have
From Lemma 2.5, we know that
We define
and thus
we obtain that 3
Our assertion now follows on noting that these L-values are in Z 3 .
From Theorem 2.6, we know that the residue class of the two congruences in Lemma 2.7 are non-zero modulo 3. Now, we use Zhao's induction argument to obtain the main result of this section giving the precise residue class modulo 3 in which these L-values lie. (1) For p ≡ 5 mod 9, we have
Moreover, the explicit modulo 3 Birch-Swinnerton-Dyer conjecture holds for C p and C p 2 .
(2) For p ≡ 2 mod 9, we have
For simplicity, we denote by δ the period Ω p of C p . We will just give the details for the case p ≡ 5 mod 9, and the other case is similar. Recall that K(3p) is the ray class field of K modulo (3p). Then we know that 3 √ p ∈ K(3p), and we denote by H p the field K( 3 √ p). For any positive divisor d | (p) 2 , we recall that Ω d in (2.10) is the period of C d , and we know the following periods relation
We write L (3p) (C d , s) for the imprimitive L-series of C d obtained by omitting the Euler factors at the primes dividing 3p. By [6] , we have the special value formula
We can rewrite this using the periods relation (2.11) as
Now, taking the sum of the above formula over all d | (p) 2 and noting that 3 √ p ∈ H p , we obtain
First, we study the terms on the left hand side of (2.12). Given an element A ∈ Q 3 , we write
Here, ǫ i (i = 1, 2, 3) are positive rational numbers. We write u (= 1 or 2) for the residue class of L(Cp,1) Ωp mod 3. Then we have Lemma 2.9.
(1) For d = 1, we have
(2) For d = p, we have
(3) For d = p 2 , we have
Here, we recall that Z 3 denotes the ring of integers of the field Q 3 .
As for the right hand side of (2.12), we have the following standard calculation. Here, we should note
where Ω is the period associated to A : y 2 = 4x 3 − 1. We will use the same set C 
Noting that, by our choice of C, we have −c ∈ V whenever c ∈ V , the same argument as in the proof of Proposition 2.1 shows
Now, from Lemma 2.5, we know that the first term on the right hand side of (2.13) has a positive 3-adic valuation, while the second term in (2.13) is
Moreover, Lemma 2.9 and (2.12) give
On the other hand, by (2) and (3) of Lemma 2.9, the sum in (2.14) is contained in
Here, we use the fact that The goal of this section is to give the proof of Theorem 1.1. We prove this in the following steps. Firstly, we use Zhao's induction argument to show that the sum of L-values of C 2p and C 2 2 p 2 (resp. C 2p 2 and C 2 2 p ) is non-zero when p ≡ 5 mod 9 (resp. p ≡ 2 mod 9) and satisfies an explicit modulo 3 congruence. Secondly, by establishing some congruences between the algebraic L-values in the sum of the first step, we can show each term in the sum is non-zero and satisfies the explicit modulo 3 Birch-Swinnerton-Dyer conjecture. In this section, we again write D for p or p 2 . We recall that Ω is the fixed period of A : y 2 = 4x 3 − 1, and for every 0 < d | (2p) 2 , we write
for the period of C d , so that in particular Ω 1 = Ω/ √ 3. The first key result of this section is the following. (1) If p ≡ 5 mod 9, we have
and
(2) If p ≡ 2 mod 9, we have
and L(C 2 2 p , 1)
We will only give the details for the case p ≡ 5 mod 9, and leave the proof for the other case to the reader. Before the proof, we remark that, by a root number consideration (see Lemma A.3), we know that L(C 2p 2 , 1) = L(C 2 2 p , 1) = 0 (resp. L(C 2p , 1) = L(C 2 2 p 2 , 1) = 0) when p ≡ 5 mod 9 (resp. p ≡ 2 mod 9).
For simplicity, we write γ for Ω 2p . Then we have the following period relation:
We denote by K(6p) the ray class field of K modulo (6p).
, and the degree of the field extension [K(6p) :
3 , which is prime to 3. Proof. Since K has class number 1, given any prime ideal q = αO K of O K which is prime to 6p and α ≡ 1 mod 3, the Artin symbol σ q of q in Gal(K(6p)/K) acts on 3 √ p via
where · · 3 denotes the cubic residue symbol. The Galois action on 3 √ 2 is given similarly. Thus, for any prime ideal m whose generator is congruent to 1 modulo 6p, we know that 3 √ p, 3 √ 2 are fixed by the Artin symbol σ m , and the first assertion follows. For the second assertion, note that Gal
, which is prime to 3 by our assumption that p ≡ 2, 5 mod 9.
Let H p be the field K( 3 √ p, 3 √ 2), from Lemma 3.2, we know that H p is a subfield of K(6p). For each d with 0 < d | (2p) 2 , we denote by L (6p) (C d , s) the imprimitive L-series of C d obtained by omitting the Euler factors at the primes dividing 6p. We have the following special value formula
from [6] . By the period relation (3.2), this is equivalent to
Taking the sum over all 0 < d | (2p) 2 , we obtain
First, we deal with terms on the left hand side of (3.3). We list the results in the following two lemmas, and leave the proofs to the reader.
(2) L (6p) (C2,1)
By Theorem 2.8, we have the following estimate.
Lemma 3.4. We have (1)
(2)
where we use the fact that ord 3 
We know that Gal(K(6p)/K) is isomorphic to
where we identify µ 6 with (O K /3O K ) × , and the isomorphism from right to left is given by sending any element c of (O K /2pO K ) × to 3c + 2p. Here, we note that 2p ≡ 1 mod 3. hold. Therefore, we can identify
with the Galois group Gal(K(6p)/H p ). Since −1 c 3 = 1, we can choose a set of representatives of
Then by the action of Artin symbols on E * 1 γ 6p , γO K (see the proof of [6, Theorem 60]), we have
where we ψ 2p denotes the Hecke character over K associated to C 2p . By the definition of ψ 2p in [24] , we have
where α ≡ 1 mod 3 and (α) is prime to (6p). It follows that
Now, noting that Ω = γ √ 3 3 √ 2p and L = ΩO K , we obtain
By a similar method as in the proof of Proposition 2.1, we have
Furthermore, from Lemma 2.5, we know
The lemma now follows on noting that we have #(V ) = p 2 −1 3 by Lemma 3.2.
By Lemmas 3.3 and 3.4, we have
Here, we use the fact 2 +
Now, a root number consideration (see Lemmas A.2 and A.3) combined with Lemmas 3.3, 3.4, 3.5 and (3.3) gives
where we recall that γ = Ω 2p . Thus, the first equation of Theorem 3.1 (1) holds. The second equation follows on noting that the algebraic part of the L-values of C 2p and C 2 2 p 2 are rational numbers by [25] and that these algebraic L-values are divisible by 3, which will be shown in (3.13) . This completes the proof of Theorem 3.1.
Now, we will show that each L-value in the sum in Theorem 3.1 is non-zero. This is achieved by establishing certain congruence formulas between the algebraic L-values of C 2p and C 2 2 p 2 (resp. C 2 2 p and C 2p 2 ) for p ≡ 5 mod 9 (resp. p ≡ 2 mod 9). The main result of this section is the following. Theorem 3.6. Let p be an odd prime.
(1) Assume p ≡ 2 mod 9, then we have
(2) Assume p ≡ 5 mod 9, then we have
We give the details of the proof for the case p ≡ 5 mod 9, and the other case is similar.
Proposition 3.7. The element √ 3 is not in the field K(6p).
Proof. For the field extensions Q ⊂ K ⊂ L, we have the following conductor-like formula: Proof. By Proposition 3.7, we know the fields K( √ 3) and K(6p) are linearly disjoint over K. Thus, given an element τ 1 ∈ Gal(K(6p)/K) and the identity element ι ∈ Gal(K( √ 3)/K), the Cebotarev density theorem gives an element c 1 ∈ O K prime to 6p whose Artin symbol σ c1 in Gal(K(6p)( √ 3)/K) satisfies σ c1 | K(6p) = τ 1 and σ c1 | K( √ 3) = ι. Now, viewing c 1 ∈ (O K /2pO K ) × via the isomorphism in (3.4) , we know that −c 1 gives another element in Gal(K(6p)( √ 3)/K) whose restriction to K( √ 3) is ι, since by class field theory the Artin symbol of −c 1 acts on √ 3 via the norm map from K to Q, so must act trivially on √ 3 (since c 1 acts trivially on √ 3). In this way, we can choose the set C, and the lemma follows.
From now on, we fix the above choice of the representatives C. We recall that H p = K( 3 √ p), and we denote by V p the Galois group Gal(K(6p)/H p ). We view V p as the subset
of C. Recall that H p = K( 3 √ p, 3 √ 2), and let V 2p the subset of C giving a set of representatives of the Galois group Gal(K(6p)/H p ).
In the following argument, we will study the partial summation from Zhao's method. For simplicity, we write t for 2 or 2 2 , and we will study the relations between the L-values of C t , C tp and C tp 2 . We need to use the key result in Theorem 2.8 on the explicit modulo 3 Birch-Swinnerton-Dyer conjecture for C p and C p 2 .
Given any 0 < d | (p) 2 , recall that Ω td is the period of C td , and denote by η t the period of C tp for simplicity. Then we have the period relation
For any such d, by [6] , we have
By the period relation (3.5), we have
Now, taking the sum over all d dividing p 2 in (3.6), we obtain
First, we consider the case t = 2.
Lemma 3.9. We have
We recall that Ω is the period associated to A : y 2 = 4x 3 − 1.
Lemma 3.10. We have
Proof. Recall that we use the set C of representatives of Gal(K(6p)/K) chosen in Proposition 3.8. We take the trace of E * 1 ηt 3 √ p 6p , η t 3 √ pO K from K(6p) to K in the following two steps: first from K(6p) to H p , then from H p to H p . Noting the Galois action on E * 1 ηt 3 √ p 6p , η t 3 √ pO K as described in [6] , the period relation η t · 3 2p · √ 3 = Ω, and that √ 3 is fixed by C, we obtain the following equality after taking the trace map from K(6p) to H p (3.7) 3 6p
By a similar calculation as that in the proof of the Proposition 2.1, we get
Note that H p = H p ( 3 √ 2) and √ 3 is fixed by C. Thus applying (3.8) to (3.7) gives the lemma. 14 Finally, in the case of t = 2 2 , similarly to the case of t = 2, we have
Now, we write E for the sum c∈V2p
Tr Hp/Hp
Given any σ ∈ Gal(H p /H p ), we write
Note that these characters take values in {1, ω, ω 2 }. Now, dividing (3.9) by 3 √ 2 and (3.10) by
σ∈Gal(Hp/Hp)
By Lemma 2.5, we know that ord 3 (3E σ ) = ord 3 ((3E ) σ ) ≥ 2 3 . Thus (3.11) and (3.12) give
As was mentioned above, (3.13) completes the proof Theorem 3.1. Recall that 3 √ p ≡ 3 √ 2 ≡ 2 mod 3 1 3 . Thus dividing both sides of (3.11) and (3.12) by 3 and subtracting one from the other, and noting that
we see that
has a positive 3-adic valuation. Here, we use the fact that χ 2 (σ) − χ 2 (σ) 2 is fixed by the elements of Gal(H p /H p ) because it takes values in K, and that ord 3 ((χ 2 (σ) − χ 2 (σ) 2 )E σ ) ≥ 1 6 . By (3.13), we know that
and L(C 2 2 p 2 ,1) 3Ω1 are 3-adic integral, i.e. in Z 3 . Recall also that we have 3 √ 2p ≡ 1 mod 3 1 3 and the period relations Ω 2p = Ω1 3 √ 2p and Ω 2 2 p 2 = Ω1 3 √ 2 2 p 2 . Thus we see that
have positive 3-adic valuations. Now, since L(C2p,1) Ω2p
, L(C 2 2 p 2 ,1) Ω 2 2 p 2 ∈ Q (see [25] ), (3.14) gives
This congruence combined with the second assertion of Theorem 3.1 give
This completes the proof of Theorem 3.6.
We will end this section with a 3-descent result which, combined with Theorem 3.6, gives the explicit modulo 3 Birch-Swinnerton-Dyer conjecture for C 2p , C 2 2 p 2 (resp. C 2p 2 , C 2 2 p ) when p ≡ 5 mod 9 (resp. p ≡ 2 mod 9). Proposition 3.11. Let C 2 i p j : x 2 +y 2 = 2 i p j , where i, j ∈ {1, 2} and p ≡ 2, 5 mod 9. Assume in addition that 2 i p j ≡ ±1 mod 9. Then the 3-part of the Tate-Shafarevich group X(C 2 i p j ) [3] of C 2 i p j over Q is trivial.
Proof. We write E n : y 2 z = x 3 − 2 4 3 3 n 2 z 3 . This is birationally equivalent to C n , and over Q it is 3-isogenous to E ′ n : y 2 z = x 3 + 2 4 n 2 z 3 . Explicitly, the isogeny φ : E n → E ′ n is given by φ(x, y, z) = (3 −2 (x 4 − 2 6 3 3 n 2 xz 3 ), 3 −3 y(x 3 + 2 7 3 3 n 2 z 3 ), x 3 z) and the kernel of φ is {(0, 1, 0), (0, ±2 2 ( √ −3) 3 n, 1)}. By assumption, we have n = 2 i p j ≡ ±1 mod 9. This happens precisely when n = 2p, 2 2 p 2 and p ≡ 5 mod 9 or n = 2p 2 , 2 2 p and p ≡ 2 mod 9. Since n has no prime divisor congruent to 1 modulo 3, hypothesis (H) of [22, Théorème 2.9] clearly holds, and thus (1) of the theorem gives us (3.15) Sel(Q, E n [φ]) = Z/3Z and Sel(Q, E ′ n [φ]) = 0, whereφ denotes the dual isogeny of φ. Here, Sel(Q, E[f ]) denotes the Selmer group of an elliptic curve E over Q associated to an isogeny f from E to another elliptic curve E ′ . Recall that we have an exact sequece
We also have the following exact sequence
= 0, where the last equality is immediate from (3.15 ). Thus we obtain X(E n ) [3] is trivial, as required. 4 . Some relations between the 2-Selmer group of C 2p j and the 2-class group of Q( 3 √ p)
We again let p be an odd prime satisfying p ≡ 2 mod 9 or p ≡ 5 mod 9. The aim of this section is to give a proof of Theorem 1.3. Given j ∈ {1, 2}, the curve C 2p j is a twist of C 2 by the cubic extension Q( 3 p j )/Q of discriminant prime to 2. Since a global minimal Weierstrass model of C 2 is given by y 2 = x 3 − 27, we know that (4.1)
gives a minimal model of C 2p j at 2. By the results from Section 3, we know that ord s=1 L(C 2p , s) = 0 = rank Z (C 2p (Q)) and ord s=1 L(C 2p 2 , s) = 0 = rank Z (C 2p 2 (Q)) when p ≡ 5 mod 9 and p ≡ 2 mod 9, respectively. Furthermore, by a theorem of Satgé [21] and the theorem of Gross-Zagier and Kolyvagin, we know that ord s=1 L(C 2p , s) = 1 = rank Z (C 2p (Q)) and ord s=1 L(C 2p 2 , s) = 1 = rank Z (C 2p 2 (Q)) when p ≡ 2 mod 9 and p ≡ 5 mod 9, respectively. We also know that the results from Section 3 combined with [2] give the 3-part of the Birch-Swinnerton-Dyer conjecture for C 2p j .
In the remainder of this section, we write E for C 2p j for simplicity, and we work with the equation given in (4.1). We will study the relation between the 2-class group of L = Q( 3 √ p) = Q( 3 p 2 ) and the 2-Selmer group Sel(Q, E [2] ). It is well known that E(Q) tor = 0, and we may identify
(x 3 − 27p 4 ) with L. To see where these fields come from, one may look at the classical proof of the weak Mordell-Weil theorem in the case E(Q) [2] = {O} (see, for example, [4, 23] ). The proof of the following lemma can be found in [12] . Lemma 4.1. Let Res L/Q µ 2 be the restriction of scalars of µ 2 from L to Q, treated as a G Q -module. Then we have the exact sequence
where all of the terms in the exact sequence are considered as Q-points, and N denotes the multiplication of the three components of Res L/Q µ 2 . Moreover, we have an isomorphism
and N is the norm map from L to Q.
We denote by δ the morphism which is the composition of the Kummer map
with the isomorphism in (4.2), which we still call the global Kummer map. Then we have the following description of δ:
The map δ is given by
We remark that the above description of the map δ dates back to the proof of the Mordell-Weil theorem when E(Q) [2] = 0. See the book of Cassels [4] for more details. Similarly, we can state Lemmas 4.1 and 4.2 over Q q for all primes q, finite or infinite. We put L q = L ⊗ Q Q q . Then we obtain the local Kummer map δ q , which is the composition of the Kummer map
Lemma 4.3. The map δ q is given by
To obtain a precise description of the Selmer group Sel(Q, E[2]), we need to describe the image of all δ q . We denote by O the ring of integers Z[x]/(x 3 − 27p 2j ) of L, and we set O q = O ⊗ Z Z q . Lemma 4.4. For any prime q and for any P ∈ E(Q q ), we have
consisting of square norms. Proof. For q = 2, this is Lemma 6 of [10] . Here, we just note that we know the product of Tamagawa factors is prime to 2 by Lemma A.1. For q = 2, we just need to show ord 2 (x(P ) − β) is even. Note that
We write also 3 3 p 2j for the unique root in Z 2 of x 3 − 27p 2j = 0 satisfying 3 3 p 2j ≡ 1 mod 2 obtained by Hensel's lemma. Thus we have a factorisation
over Z 2 . Now, we have 2ord 2 (y) = ord 2 (x − 3 3 p 2j ) + ord 2 (x 2 + 3 3 p 2j x + (3 3 p 2j ) 2 ) for x = x(P ) and y = y(P ) in Q 2 , so we know that the right hand side is even. If ord 2 (x) < 0, then ord 2 (x − 3 3 p 2j ) = ord 2 (x) and ord 2 (x 2 + 3 3 p 2j x + (3 3 p 2j ) 2 ) = 2ord 2 (x), so it follows that 3ord 3 (x)
is even, and thus ord 2 (x) is even. If ord 2 (x) ≥ 0, noting that x 2 + x + 1 ≡ / 0 mod 2 in (4.3), we see that 2ord 2 (y) = ord 2 (x − 3 3 p 2j ), and thus ord 2 (x − 3 3 p 2j ) is even, as required. Now, we can describe the image of δ q .
and contains the subgroup of elements
which are congruent to 1 modulo 4. Proof. Note that L ∞ = C × R and we know that (L × ∞ /(L × ∞ ) 2 ) = 1, thus im(δ ∞ ) is trivial and (1) follows.
For (2) and (3), we know that the norm of L × q in Q × q has index 3 by local class field theory. Thus, in the commutative diagram
where N is the restriction of the norm map from L q to Q q , we see that λ is surjective. Furthermore, from the exact sequence
.
Note that #(Z × q /(Z × q ) 2 ) = 2 or 2 2 according as q = 2 or q = 2. Suppose x 3 − 27p 2j is a product of ℓ irreducible polynomials modulo q. For q = 2, we have #(O × q /(O × q ) 2 ) = 2 ℓ . For q = 2, note that we have Furthermore, since E(Q q ) has a subgroup isomorphic to Z q of finite index, we have #(E(Q q )/2E(Q q )) = #(E(Q q )[2]) = 2 ℓ−1 or 2 · #E(Q q )[2] = 2 2 according as q = 2 or q = 2. Therefore (2) follows, and it remains to show that im(δ 2 ) contains the subgroup
Let E be the formal group of E over Z 2 given by (4.1). Let P ∈ E(2Z 2 ), and write t = − x y for the uniformizer of E. Then we have
since a 1 = a 2 = a 3 = 0. Then
where the last equality is obtained by noting that t ∈ 2Z 2 and that the units in O 2 congruent to 1 modulo 16 lie in (O × 2 ) 2 . Now, take P ∈ E(2Z 2 ) corresponding to t = 2u ∈ 2Z 2 \4Z 2 . Then δ 2 (P ) ≡ 1 − 4γu 2 clearly lies in the non-trivial class of (1 + 4Z 2 [γ]/(Z 2 [γ] × ) 2 ). This concludes the proof of Lemma 4.5. Now, we can state a relation between the 2-Selmer group Sel(Q, E [2] ) of E and the 2-class group of L = Q( 3 √ p). Write ǫ(E/Q) for the global root number of E/Q. Recall from the introduction that rank 2 (Cl(F )) := dim F2 (Cl(F )/2Cl(F )) denotes the 2-rank of Cl(F ). 18 Proposition 4.6. Let k = rank 2 (Cl(L)). Then
Proof. Since we may follow the methods in [12] , we will only state the key points in the argument. We define two subgroups
. Then by the description (4.5) of the local Kummer map, we know that the 2-Selmer group Sel(Q, E [2] ) satisfies
Furthermore, by Kummer theory, we have
where M is the maximal abelian extension of exponent two unramified everywhere, so that Gal(M/L) = Cl(L) [2] . Note that #(Cl(L)[2]) = #(Cl(L)/2Cl(L)), since Cl(L) is a finite group. Thus we have
By Dirichlet's unit theorem, the free part of O × L has rank one. Let u L be a generator. By choosing −u L or u L , we may assume u L > 0, and by choosing u L or u −1 L , we may assume u L > 1. Now, we define a map
where I is a fractional ideal of L such that I 2 = (α) and [I] denotes its ideal class in Cl(L). This map is surjective, and the kernel of this map is given by u Z L /u 2Z L ≃ Z/2Z. Hence we have dim F2 N 2 = k + 1.
From all of the above considerations and the parity conjecture proved in [9] , we obtain the assertion of Proposition 4.6.
This also concludes the proof of Theorem 1.3.
Appendix A. Tamagawa number and root number computations
Let p be an odd prime congruent to 2 or 5 modulo 9. In this short section, we will compute the Tamagawa factors appearing in the Birch-Swinnerton-Dyer formula and the root number for the curves C 2 i p j : x 3 + y 3 = 2 i p j for i ∈ {0, 1, 2} and j ∈ {1, 2}. The associated classical Weierstrass equation
of C 2 i p j has discriminant −2 2i 3 3 p 2j . We also know (see, for example, [23, Exercise 10.19]) that
We will first compute the Tamagawa factors c q for the primes q of bad reduction for C 2 i p j and for p ≡ 2, 5 mod 9. In particular, q ∈ {2, 3, p}. From now on, we will work with the model
of C 2 i p j where we take modulo 6 on the exponent of 2.
Lemma A.1. Let p ≡ 2 or 5 modulo 9 be an odd prime. Then the Tamagawa factors are given by c 2 = c p = 1 for all C 2 i p j with i ∈ {0, 1, 2}, j ∈ {1, 2}, and c 3 =    3 for C 2p 2 , C 2 2 p (p ≡ 2 mod 9) and C 2p , C 2 2 p 2 (p ≡ 5 mod 9), 1 for C p 2 , C 2p (p ≡ 2 mod 9) and C p , C 2p 2 (p ≡ 5 mod 9), 2 for C p , C 2 2 p 2 (p ≡ 2 mod 9) and C p 2 , C 2 2 p (p ≡ 5 mod 9).
Proof. We follow Tate's algorithm [26] and use the usual notation.
• Tamagawa factor c p : Since −3 p = −1, the equation T 2 + 2 4+2i 3 3 has no roots in F p , and it follows that c p = 1 and the type is IV (if j = 1) of IV * (if j = 2). • Tamagawa factor c 3 : After the change of variables x = X − 6 and y = Y , we obtain a quadratic equation which reduces to T 2 + 1 mod 3 when (p mod 9, i, j) = (2, 0, 2), (5, 0, 1), (2, 1, 1) or (5, 1, 2) , which has no roots in F 3 , thus the type is IV * and c 3 = 1. The equation reduces to T 2 +2 mod 3 and has distinct roots in F 3 when (p mod 9, j) = (2, 1, 2), (2, 2, 1), (5, 1, 1) or (5, 2, 2) . Hence the type is IV * and c 3 = 3. Finally, it has a double root when (p mod 9, i, j) = (2, 0, 2), (5, 0, 2), (5, 2, 1) or (2, 2, 2), and 108/3 3 ≡ 0 mod 3, thus the type is III * and c 3 = 2. • Tamagawa factor c 2 : If i = 0, C p j has good reduction at 2 so c 2 = 1. If i = 1, making the change of variables x = X and y = Y + 3p j , we obtain that the type is IV and c 2 = 1. If i = 2, making the change of variables x = X and y = Y + 2 gives that the type is IV * and c 2 = 1. Now, we compute the root numbers of the curves C 2 i p j . Writing E for C 2 i p j , the global root number ǫ(E/Q) of E is given by
where ǫ q (E/Q) denotes the local root number at a prime q, and we always have ǫ ∞ (E/Q) = −1.
Lemma A.2. Let p ≡ 2, 5 mod 9 be an odd prime. Let E + denote the curve C 2p 2 or C 2 2 p if p ≡ 2 mod 9, and let it denote C 2p or C 2 2 p 2 if p ≡ 5 mod 9. Then the root number of the curve E + is given by
Proof. By Lemma A.1, the reduction type of E + at p is IV or IV * , thus we know by a result of Rohlich [18, Proposition 2] that ǫ p (E + /Q) = −3 p = −1. The local root numbers at 2 and 3 can be obtained from [28, Lemma 4.1] . Since a 6 = 2 4+2i satisfies ord 2 (a 6 ) ≡ 0 or 2 mod 6, we have ǫ 2 (E + /Q) = −1. Finally, we have ord 3 (a 6 ) ≡ 3 mod 6 and a 6 /3 3 ≡ 2 mod 9, hence ǫ 3 (E + /Q) = −1.
Lemma A.3. Let p ≡ 2, 5 mod 9 be an odd prime. Let E − denote the curve C 2p or C 2 2 p 2 if p ≡ 2 mod 9, and let it denote C 2p 2 or C 2 2 p if p ≡ 5 mod 9. Then the root number of the curve E − is given by ǫ(E − /Q) = −1.
Proof. Again, by Lemma A.1, the reduction type of E − at p is IV or IV * , thus we know that ǫ p (E − /Q) = −3 p = −1 by [18, Proposition 2], and ord 2 (a 6 ) ≡ 0 or 2 mod 6, hence ǫ 2 (E − /Q) = −1 by [28, Lemma 4.1]. Finally, we have ord 3 (a 6 ) ≡ 3 mod 6 and a 6 /3 3 ≡ 1 ≡ / 2 or 4 mod 9, hence ǫ 3 (E − /Q) = +1.
Appendix B. Numerical examples
Let p ≡ 2, 5 mod 9 be an odd prime number. Let L = Q( 3 √ p), and write Cl(L) for the ideal class group of L. We ran a numerical test for primes p < 1000000, and obtained that 1629 out of 13068 primes p ≡ 5 mod 9, and 1852 out of 13099 primes p ≡ 2 mod 9 satisfy condition (B.1) dim F2 (Cl(L)/2Cl(L)) ≥ 2 from Theorem 1.3. In this section, we list some primes p such that Cl(L) satisfies (B.1). In particular, we list all the cases when the Tate-Shafarevich group of C 2p (resp. C 2p 2 ) is strictly bigger than Z/2Z + Z/2Z for p ≡ 5 mod 9 (resp. p ≡ 2 mod 9) and p < 1000000. All the numerical results were obtained using the computer algebra packages Magma [1] and PARI/GP [14] . 
